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ABSTRACT

Let A (c) and B(c) be complex valued matrices analytic in c at

the origin. A(c) BCE ) if ACE ) is similar to B(t) for any

ki < r,A(E) ~ BK) if BCE) = T(c)A (c)T 1(E) and T(c) is analytic

and ~T(E) # 0 for ~~ < H In this paper we find a necessary and

sufficient condition on ACE) and BCe ) such that ACE ) ~ BK) pro-

vided that AK) BCe). This problem arises in study of certain ordinary

differential equations singular with respect to a parameter C in the

origin and was first stated by Wasow.
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Sl(~Nli~ICANCE ANt) EXPLANATiON

The m a t r i x  problem considered In  this paper arises when study i ng

systems ot ordinary differential equations in “b oundary—htyv r~
’ s i t ua t i ons .

A simple example is the behavior of solut ions ut t y ” ~ py ’ 4 qy 0 ( *)

0 . In the qene tal  s i tua t ion, a system of first order equations is
1 1 4

I t i e ’ i t d , A (t ) y ’ + ( ‘y — 0, where A , H ~tre n ~ n mat r ices .  The

~• t  ~•t  •~ i to simp i A t y  the  system using .t simi l a ri t . y  t r ans fo rma tion ,

• ~• . we h e • t  ~A ~T u nit mo l t  ip ly throuqh by T , r ep lac ing  the system

by I

\
• TA (t *1’~ 

~~~ + T(4 ‘
~X — 0

The’ m.tt t L X  P 1 -tto ~;i ’it ~~~ as to s Imp i t fy  t h e  cot’ f f t c  ient of the

iti’i ~‘•it Is”’ .

A rn.tt i ~ A it ) t . ~c~t Id to be ~tna1 y t  I i ’ in i •it t he’ ot I q in i t  A ( t

c i i  ic. .~~~ ‘ t - t i,’d it .t power t ie t  Ie’i ; in e . The’ fol iciw i ng pi ~ci ’lt ’rn •i t  i~iet~

• wh im • • c  • t ? y i t iq t t i e  v~t t I on,; k I nil ’; ot s i n q ut  ar behav I or of ‘.~ c i  i tt  I t c f l • ;  ‘I

~ ) t o t  rn I I * Suppose that H C e ) — ‘F (~ ) A ( t  ) ‘F ( ) whet .• A I , it

. i t  ,• c c  t y t  i~ • c t •it  the  e ’t  Iu ~ i i i .  What condi t Lot ;~. mu st  t ’c tmj c i c~;i’~I ott

A ( . i t  I ( t  • u t hat ‘F i.e ) I .tti.i ly t 1 c in t . at t he o i i i  in  .a~ u1

P1  ~t t it. c i  .i •‘ ~h I ; ;  t he’ quest Ion •mswei eel in  I h i

(

UNANNOI$CtD
IusUcICA’I(~

p

~~ ~~ ~~~• Li
J t h •  i .‘,;~ ~c ic i t t  I i y I c c i  t h ’  Wiit c i t  nil .~iit~I ‘u I ~‘W~~ ‘ ‘X ~’t i~ ~i .I L i t  I I I I  c t t ’ ~~c i  i j ’ I

tejitt ~t .i, v I i . ’ • w ; Iii MH~ , • incl  i c u c t  w i t h  I he ’ • i e t t  )t ~~r i t t  I h i ’ ;  i ,~~~‘~ ‘i
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ON POINTWISE AND ANALYTIC SIMILARITY OF MATRICES

* 

Shmue l Friedland

1. INTRODUCTION.

• Let A(c) and B(c) be n x n complex valued matrices analytic in the parameter

c , in D — {z , I z t  < r} for some r > 0. We call such matrices analytic at the origin.

That is we have the Mclaurin expansions

(1.1) A (c) ~ A~ck B ( C )  Z 3~~
k
~~~~3 ~ M CI!)

k 0  k 0

which converge in D . One says that A(c) and 8(c) are pointwise similar in D
r

(denote it by A(c) 3(c) if A (c) and B(c) are similar for any C E D . ACe)

and B ( e )  are said to be analytically similar in D~~ (denote it by A(c) ~ BCe))

if there exists T (e )

(1 . 2)  = 

k=O 
T
k
E
k
,T
k 

e 14 (I!) , (convergent for ~~ < r ’)

• such that

(1.3) l T C c ) l  j~ 0 for t e l  < r ’

(here by jT~ we denote the determinant of T) and

( 1.4) B ( e)  — T(C)A(c)T 1(e)

The problem of determining whether two given analytic valued matrices Ale) and 3(c)

are analytically similar in D 1 for some r’ > 0 is important in study of certain

ordinary differential  equation singular with respect to a parameter c in the origin

(e.g. see [4) and references therein). Clearly if ACe) ; 8(c)  in Dr i then

A(~~) B(c) in D ,. Naturally one poses the following question:

Problem 1.1. (W~aow (4)) Assume that A ( c )~~~B (e) in Dr. What other condition s should

A(t) and B(c) satisfy in order that A(e) ~ B(e) ~~ 0
r ’ 

for sorte 0 < r ’ < r?

Consider the following example

(1.5) Ale ) — [
~ ~:i~ 

Sic) — 
~~~

Sponsored by the United States Army under Contract No. DAAG29-75-C-0024.
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Clearly AC t ) 8(t) in I!. On the other hand A(c) ~ B C )  in any D
~.

(r’ 0).

Otherwise

( 1.6) A1Cc ) — ~C A C c )  — I) — [
~ ~

— ( 1 ( 3 ( e )  — I) [
~ ~

) . lx i r

But this is impossible since A
1
(0) and B

i
(O) are not similar. This shows that the

above problem does not have a simple solution.

Wasow (31 gave a simple condition when pointwise similarity implies analytic

similarity in the neighborhood of the origin. Consider the matrix equation

11.7) A(c)X — XA(c ) 0

Of course, we can view (1.7) as a system of n2 linear homogeneous equations in

unknowns x~~,i,j - 1 n CX — (Xjj)~~). Fix t and let dc) be the neriber of

linearly independent solutions of (1.7). cc C c ) can be easily determine by the degrees

of the invariant polynomials of ACE ) (e.g. [I, Ch. A. Sec. 2)). It is not difficult

to see that there exists 0 c p such that

(1.8) e C e )  — K 0 i t t  <

Wasow’s Condition (3). Assume that

(1.9) .c(0) — cc

Then A C e )  ~ 8(c )  in D , if and only if A C c ) 8(c)  in D .

The aim of this paper is to give conditions under which the pointwise similarity

implies holomorphic similarity in case that Wasow’s condition fails. The starting

point of our investigation is the following theorem

Theorem 2.1. Let A Cc ) and Alt ) be n x n matrices analytic in c for l e t r.

There exists a non—negative integer w depending only on AtE) such that

AC E ) ~ 80 ) for c e D , (r’ > 0) if and only if A ( ) ~ 5( c ) for E

there exists Rb.) of the form

(1.10 ) R( c ) 
k~~0 

~~~k Rk C M (I!), 1R0 1 ~

such that

(1.11) A(c)R (c) — R (i)B (r) = £ 
10(1) .

•
1

— 2 —

I

~~~~ . •  • -~~
.• . 

~~~z •---- .- . •
~~ 

_ _ _ _ _- ~~~~~~~~~~ .• • ~~~~~~~~ - 
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We dot ens inc  an u x p l i u c t  cc i pc .c bound for • .  We also q1v~ a s imp le  ceu t t i c t en t

ite *rtc cn w h i c h  i m pl i e s  that the conditions (1. 1;’) and (1 .11) for u 1 qua ran tee  a

I’c~~ L t i v e  an~ wec c t c c  c’u: prob lem. In Section 3 we examine the conditions tl.i;t) _ (1 .l1I

t i  — 1. This pioblem loads us to the ncct  turn of conjugacy c ct  two mitt iu ’t ’s X and

Y w i t h  ~~~~~~~~~~ to .i matrix Z. In case that Z •‘l this is the standard notion of

c c m t l c c tty. We’ •u v.~ a procedure to determine when X and Y are •‘on~uqate with

io~~pc~’t to and in some cases the verification is quite straiqhtfot~ ard. However,

the’ suc iut t~.cc of they qeneral problem is incomplet e, in ~t’~’t ion 4 we show how

t o  dot o r m i n c  whe ’t h t : ( 1 . 1 1 1  is solvable. In t~act C t . l 0 ) — ( l . 1 l )  is equivalent to the

no t ion  of stronq similarity of cer ta in  upper bI~ck triangular matrices. We also give

a simple necessary and sufficient condition for the solution of Problem 1.1 for certain

type’ ot matrices ACt) which do not satisfy the Wasow condition.

Theorem 4.2. Let A l t )  be complex valued matrix analytic in t at the origin.

1i•~snccct’ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ Suppose’ that  the subsyuace of all matrices

w’c ; u h ~~it i~~ty

R )AQ 
- A

0
R
0
,trtV (R

0
A
1 

— A
1
R01 — I)

t~~i i l l  V w h i c h  c ’oninute w i t h  A
0

, is of dimension e~ Then A O l  ~ SO I it and

i u ’ c ’ x ’  ~t .  .c nucnsingular matrix P cometuting wi th  A0 anti a m at r i x  R such

ii. l i t  15
1 — A

1
1’ — A

0
R — HA

0

j~~~ vided that  SO t s nonsal ieed by the condit ion

( 1 . 1 1 1  A 1 *

Th4t is  A
1 

and Ii~ .Irt’ conju~ate with respect to A0.

i i i  .i cc,; i .  t tire ’ which  determine the sma I les t  •ie;c ~’t IPO~1 ~ccc l hooe i’m 2. 1

lit l it  1’hcci .‘rc -~ .‘ upp it s  th i s  c’onlecture . in the last  sod ion we show that (1 * I c~~) —

( 1 . 1 1)  t s ’t cccv e’ is  equivalent  to the same problem w i t h  lul — 1 stated tot •ei t ’ i u ’ t ’ c tate

-‘s. ccc • ‘f s.c • ‘.‘s A’ , , A and 8~~, 5 .

~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ~~~~~~~~~~~~~~~~ 
-

~~~~~~~~~~~
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M A I N  KF~ 1ll1 ’~..

) t u ’*’t .,~f -rl,~’~’t em 2 . 1 .  Aeseiiw’ t h a t  the  W~~iu~~w .‘onut i t con hot .l~.. li cot , I ha ’ t~ l i i i w i  ? • c ’

cc ci tac i t  v tm~’l ii’s .enaly t c. itm i tat d y .  In that case the value’ ~‘t t he’ -. . I S

tn.t..d, as A c  - ‘‘  I~ t O I I ~;,‘ i i ’  ,‘~~ i s i c  iSctt i t t  nu~ul  a it~e~h that

5(0’ — I
t
Atc i tK ,

A l ’ 1 K , — K
0
5(u I — a O t t )  *

. c u  wo .

now that I 1w Wa cu.cw s’onuii t ton t a i l  . That is

c.~. 
i~

Ka’wt t i e ’  the system (1 * ~ as a system of 1 trn’~, .‘quat lott* In n~
’ 

unknowns

~ . i . t  — cc ,

A~’ lx — 0 *

n, ~~~ i . a n  it ’ ‘ i,~ mat , i x

A u  t — o ~~~~ X — ix I — l vi’,-t. ’c
i i , i i

— .1 u” - .~ * • I • l ’ . — I it * 
*

i t • I t  , ~p , ‘1’ ~I’ ‘I’ t )  ~~~

I ’’. cit.: the I • ‘,c, . , .c ~‘i u u. t tK’t  u %OC “An Wt i i i ’

.1.1 A l ’ — A(i )Ii — IØA(i I

Ic i  exac~ ’1 o I .‘ * p. $1 . The ,‘,‘ic.%i I ion 2 , %l imp i i i - ’ -. t he  a ’~. i i  cci.  c ci S

stgcmat % t ~~ . ‘t I — call  it  t i c  I sitclc t hat

Is e i l l  — a , 5
c 1  • ,O~ I’ ) , i C c

H.,. t”~ P we’ denot. the uiett’,~~iin*nt u’t a squat . .  m i t r i x  c c i . )

l . ~~~
t ~1 — it —

Ifr u ’t ~~t* that i f  on. can eat is ty t he con,t t ions I .  I u t i  ~ nd it . 11~ ~ it I ; u — C

A ~~
. I S i  ‘ . inde..i . asst~~. t ha t  .. — s and ~t . I 0) and ii. I’Ll h,’tds . c - c K , — 0

I h.’c e •‘5 c . t ~~. 0 s • s i such t ha t  K i i  I 
— 

exist cc c c * let

12 11 “ i i  I — K i t  I S I .  1 R I ,  1

U

.-
~~~~~~‘ 

- 
~~~~~~~~~~~ 

_ _______  

hi
_— —--- — ~~
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t’t ea c IV it t “ .iKcuulh to SIts ’S that A c ; I 1 , Al *tt A u t ~, c c i  I c c ’ i i s  t O ,  t~~s- -.c  • .

I.’. 10) A u  )~ I — 0

H.wi-it, 2. ‘Lot in the form of the system in it i~ar tab les

t2 .111 r t .  i v  —
a-

In tenso r notat ton

— Alt .  •I —
Accrcc-3insl to  Out a s i t~ pt it~its

it — —

So

t .  141 Ftc 1 A la — I — 0 ( t  I t  — 
$•  t \ 

~~~~ , S

~‘ofl*lutCi’ the suL~~~tc’tx P u t of ~~t ,  1 . Ass~~~~ that the it rctws of P u t  tou t the 5,t

o ~ ‘ -V i-V — I t  • 2 , . , n i ) and the ri cot t~~ts of I’ Cc ) form the *.t K ‘ V ‘ -V.

took at the. cot r.sponsl t n.j euL*cat i-Is i~ i i  of F Cc) which is (eume’.t by t tie’ t~’ws .’

.-utd th e cscttmcn s R. P c-cm (.‘. 14) sn~t ,‘• ~t it  f~t t ows tha t

1.’. 1’~ Ru ’ — at
5

t1 • a O~~t t I

•5 “ii ’ cci p otntwla . .  s l *t t a i  I s ’ A O t we mus t hay, that  the sys tem .‘.t0t has the

*APW a ntMflL cec : of I tctest ‘Ly i ndependent s~ 1utlon it as It. * ‘rtuermfor. Any ci • 11 ,‘ u~~ • I ’

cinoc of ~~~ 
I vanI shes .  Let V i s  be th. uniqu. solut ion ~ t . .  tOt teAt itetytnu ) the

. o i t . t t t  tons

. .  t e.l 0 1 — i f  (j , ) t  V

Wi. A ISCI t t hat ~ I t ii ho le’e*~ccph t5 ’ at c — tt ~nd

— I

I nd..a1 . o;ts t de’i th. unique tiolut ton X i .  of t t . • sat I ,f’y t nu the .‘ond t t ion 2 . i t ’

u tearty Xi; — I i s  t h i s  solut ion. ti* ii t s i  the ~‘c Ame’t formulas tO, I III’ 50101 t O t i S  01

i t * ‘ an,t .‘ * t s~1 (only I , ’ the equat i.’itcc Os’ cc e’itps ’it *i in~u to t hit .‘iit c t .‘iu I t  • ) t 
• ~ i • t t 0 1

and t a k in  In  account I .’ . ~ • 1.’. ~~~ and (2.111 we ~iet

— u l  •~~ O~ ’ L ’ t X~ , ’ , ,~~t ( ’ L t

This •statc t 151t s (2. 1 ‘ I  
~~~~~ the’ sits t\ I t O  it 

~~ ~‘( V srotut5t the iw tehk’o c hood of

.‘ l t  ,1 l f l  • S.’ then •s tate 0 ~‘ c such t hat V ~, I a,t~i x ~
, 

— 
h~~t omc ’c ~‘)t i ~ iii

- ----4
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s c-”. TI; u t e  ~‘c ,wes t h e  • - x t , . {  i ’05 s 01  .. ste’~~ .nst c it~ cit It’ so; A l a  I 5001% t tt.i t (1 • i s ’ I

~1.11) toqe’t he.r with the a~~cital~ •t con s  A I’ I III, 1 .ct the’ ~~~~ cit imply I hat  At ’ I It~~ I

*t i — i . V t d e ’  V.,sa, 1 !  A I r )  110 ‘I f s ; t  i ( () t hen  A l t I H ( s ) for i t
r I

and 11. 10) ~nd (I. 11 1 hoIst fo r  any tflte’jer . The ) ‘% ~‘cf of I h.’scc em I s  s ’om(’tt ’te ’d.

li.’ l i i c i t i c n . l .  Let A t . ) b e c s~r~.~yx_vatue.t fl~1t r i x a f t A I X t t c  t o  s f t  t he

Then ii i s  ~a I led the ’ mm imal index of At ’ ) at , 0 i t  ‘rlto, c c ~ am •‘ - I tic ’ I ,ls (c’i

-.  — • but it - • cc I )c, ’it th e . re ’  e x ist s  IC u I wh t oh $5t I s  f t i ’ C  I tc, ’ s ’i i.I I t  I u ’it S

The’~’u.’rn • t but U .101 and Cl . IL) ute’ not lm~ Ly that At~ 1 
)i o -

Pt.te we. t~~int ed out in the pc-cs ; 1 o( Theoc-em .‘ . I Was~iti ii - .‘n.ti I ton t l . ’~ 1 int ’l it ’s t hat

— 0, From the’ t’rsscf of The.ore’m .‘ . I we’ ,i,’clt Idi’ .

-rh~•.’iem .‘. Let i be. given by 12 ,11) a~st n e c - c t ’ —  n ‘ it s t o o l s  ot

At e •) — i sAt i  I w h t oh  mus t 1-co ot the’ tocit ’ u: ~) ,  l. .t v Ice’ tb-i’ n c c n t r n ~im of . t t lj ’ o iu~~i I ’i.-

expscne’nts a apIc.mr in~ in •‘. “ • 
~~~~~

— c : . t g )  it 2. ”

Clearly that v 0 i f  A~~ej on t y i t  I hi’ W,~itow Os ’it ct  I I I  ccii ( j  •~~) lcd .1cc . Next we’ ‘j i ve a

sufficient cccndct ion for it — I

Theorem 2 . I. Let Ate ) s~ ttaty the .issialipt Ions of Theotoni 1.1. Assumi. t hat  the Maccow

con d it i o n  (a i l s  u t . . ’ . (2. II hol ds ) .  St~pj~’cae tha t  ‘u ’ ~~v~’n li~~Thecoi etm ..‘ i’~~~~ls t s ’

( 2 . 2 0)  “ — sc(CI)  — . 

*

Then th. mInimal index of A lt) at the ’ or I g i n  does not ,s~ c’,’,’d 1.

To prove this t heorem we need the fol lowing teems

leupea 2.1. Let X be an ii ‘ n matr ix whose c-iiitk (ce k (c n t . The n f~ r .~i~ ’ n s n

matrix Y ~nd analytic valued cc ~ cc m . a t r tx  ~, ) ( I i  1 1 t h c f o t l s ’winct  t~ ’t at t c cccs

hold

( 1 2 1 1  + • v ~ — 
It li

0~~~ 1 ,

( 2 .  ~~
) + . V + r~~~~(i ) I j x  ÷ v 

it - Is e l
;t t l I •

Proof. Let A la 1 — (a~ ~
, ))~~ be’ ,ct; analytic vat ice’s) mat i t s  ,ct i — 0. I~ ’t

r — Ir ... ., r 1 be’ -c vector wit); nccc;—ne ’sIat (vt’ m t  i’Sji’% u s S ’ i s I  i cc ,it c s  * As iccit ci I , ic it , ’t
1 cc

L ~~
- - - - - --
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- -l x i  ~ r By (5 1 ( c - ) ) I~ denote the matrix whose i th row is the r th derivative

of A01 . From the standard formula of the derivative of the determinant we deduce

(2.23) 
~~~~~~ 

j A ( c )~ — 

r~~p
ri ~~~~~~~~ 

(e ) )’;I

Put

(2.24) A(t) — X + cY + t2Z(c)

and le’t E — 0 in (2.23). Set

(2.25) c — (a~ .~~~(0))~~, 

~~ 

r1 ~~. r~
1 

— ... = r
i
q 

— o . r
) 

> 0 if i ~

~et c [1~~~~~~:J be a q x q minor of G composed of i
15...,i rows and

column s of G. In view of (2.25) we have

(2.26) G[.
1 .:J — x [ 1~~~~

’
~~ J e  ~ < 

‘i ,. . ..~ <~~~

Assume first that p n - k. Then q ~ k + 1 and since r(X ) — It both sides of

(2.26) equal to zero. Expanding the determinant of G by the rows i
1
,. •~ i

q 
we

obtain that G I  — 0. So

dr’ A CE ) ’
* (2.27) — I o , p = 0 , . . . ,  n — k — 1

dE c—0

Assume now that p = n - It. Again if q > It + 1, jG = 0. So we are left with the

case where q — It. That is, there exist 1 ~~ 1~~ < < ‘n— k 
<~~~ such that

(2 . 28) r — • . .  r . ,  1
1 1

— i n-k

In this case C is composcd of 1k’ •~ , ’~
’ k rows of Y and i

1 
i rows of X.

There fore we showed

(2 . 2 9 )  :~—~ 
lA ( c ) 1 1 — 

~~n—k 
Ix + cY I ~

This verifies (2.20) and (2.21).

—7— 
5 -

- I 
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I’io~~t of Th, - o t t ~~ 2. 1. Assume that  li t ’  1 A C t ) toc ; C ~
t ~~\ t ~~~s’ -~ t h u  11 1 ’ l  .thst

(1.11) ho ists  fo x  w • 1. W. - ct ,uim that 1.01 ~ A t e )  t o t  , e i t

hot W - s ’ttt proø f Ls a usd  i t  i•’d V e t  sc _-)n ot  t h e  } i O O t  ot ‘Ilteot ecm .1. 1 * We c t s  t 
~
5’ 1 I tt - - 0

the a rq uek’n t a wh 1 d c  shou 1~i b,’ mod It i , - 51 - lIs s~sc i ci i usc I ( . . _‘ci 1 an,! I ) , - 1,- c cc t c ‘it  *

we cLty c - - - uccc;- that ci given in (.~. 
7) e’qu.a is to V . Frost 12 _ ;’) , 12. 1.’)  ~c it sI  the, tS j ik i  i i c ~

— 1 w~
. scc -t

— ( A •i — iSA 1 + ( A ll  — ISA 1 *0 2 1 1

I-’ I s  1 — (A
1
51 — ilA

~~
) + (A~ •1 — ISA

1
) + . c) (1)

Thus we ,- ,tcc .a ppl y  Lemma .~.1 to  t he  J ‘- K minors cci A Ct ) .tccd t t c  -

t I  111 Rh II  - P (’)I — e~~~~~~~~~~~~ 0 ( l ) ,  n ( 0 )  — 
2 

—

This  e s tab l i s hes  t .15). It  is  l,’t t  to show (‘.tci ). Use’ again tic,’ Cc- im,’r t - c r t t ~ -

Ut ions f (1. ‘1 .tn, (.‘ * 10) ton i y f~~r the equations cot responding to t he •‘I t t  I t c -

• ) • C i  • j I t ,0 * Thus we’ have to oons icier r~ ‘ ~ minors cons i St 1 no ox cc — 1 cc’ I umcccc

I A lt I (F (,  1 )  from the set K and a col cmli; w h ich  is  S I lu ct -ot c omb iccat C c cli sc t Ice

columns t ~~ ) tF  I t )  I which do not belong to K. Clearly t)c.- t ank c ’t  ~tccic ~ r’

at .. — ~1 is at most ci(0). Using (2. 31) and (2.12) we obtain that the’ ,ittt , cc’~ c -

bet ween the corresponding minors  of A ( )  and F ( c l  i s  at i,htst ct the fotl ic

(0) +l~ (1) • i.e. ( 10(i) . L)ividinq the minors of A (e I bc P~ , I 1tud t lic

minors of Ftc 1 by I ~ t i 1 frost ~2. 7) ,in,i (2.1 S) we’ deduce (2. icc ) . The - t  ,s~ 1 0

the theorem is completed. 

~~~~~~~~~~ _ _  _ _
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4 . tHE CASF ~c - 1.

Asscwce tha t A (() and n(r ) are analytic valued at the c i t  t i c ?  and I c t v , -  •~~~

expans-octs (1.1). Assuste that A(t) ~ 8 ( c ) f o r  ~ In p a r t i c u l a r  / u ( 0 )  1’

-;tcc - llat t o  8 ( 0 ) .  Hy considering TB(r)T
1 

for a suitable T M tf) we m5cv assurc ,

in (1 .1) that

(3.1) A
0 

—

In that  case t h e  c ’c c 5 t i t i o n s  ( 1 .10)  and (1 . 11)  fo r  w — 1 are equivalent to

(4 .1) A R  - R
0A — 0. R0 1 ~ 0

(3.)) A
0R1 

+ A
1
R
0 

- R
1

A
0 

- R
0
B
1 

0

L). - t x c c c t i o x c  1 1 .  Let X , Y ,Z t’ M (~ ) .  The mat r ix  X is conjugate to Y with respect

to ~~, i f  t h e’r ~ exists a non—singular matrix P commuting with Z

(‘.4) ZP — PZ 0

such tha t

( 3 , ’~1 X P - P ~~ = ZQ -~~~Z

t o x  Q t M
~ ~~

Denote’ this relation by X V(Z). Clearly, if Z = ci then X I s con jugate to

Y if and only i f  X i c c  similar to V .  It  is easy to check that for a fixed the

r e l a t i on  X Y ( Z )  is an tc q u c vcIc -tcc - c’ relation. Thus, the problem of determining whether

(3 .2) - (3.3) are solvable is equivalent to the problem whether A
1 

B
1

(A
0

) .  In t h i s

StCt i t ’d  tc- sha l l  g ive  a part ial  answer t o  the fo l lowing  problem

Problem 3 .1.  c iVecc X , V , :~ ( M ( ~~) ,  f i c c d  necessary and s u f f i c i e n t  condit ions fo r  X

to be conjugate’ to V with respect to Z ,

C l e a r l y  this problem nt~kes sc OOt i f  X , Y ,Z e M
n

(r )  fo r  any f i e l d  ~
‘. We shall

t , ’, c t c i c t  c c c t s c ’I v c cc t o  the field of complex n umbers althouqh our approach will apply

fo r  any tiel,1 t’. Cccx first observation is

Lemma 3 .1. Let tl , t M (~~ 1 . Then U is a commutator of Z and Q, i.e.
— n

for scs cis. - ‘.‘. it and

• c c . - )  t !  (VU )  cc

V wh c~- . c - cctnm c c t e - c w i t ) c  ~~ . ( He r s ’ t r ( W I denote’s th~ tr ac -c c’f W I

____________________________

- ‘  - ~~~~~~~~ .~~~~ - - - ‘- - - - - 
~~~~~~~~~~~~~~~~~~~~~~~~ nu ~~~~~ - - 1 1 i  ~~~ -~~~~— — ‘~l__ __——_*__~~ ~ •~~~ =‘•‘‘ __ •55 * _ — ~~~~~~~~~~ ~~~~~~~~~ — ~~~~~ 4’ i**.,55~1~~~~ ~~~~~~~~~~~~~ —
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Proof. Clearly if V commute’s with Z then S

(3 .8)  t r(VIJ ) — t r (VZQ - VQZ) = , r)Z(VQ) — VQZ I - t r ( ( V 2 ) Z  - VQZI = 0 .
Vice versa, suppose that (3.7) holds for any V which colimiutes with Z. Consider the

equality (3.6) as a system of n2 non—homogeneous equations in the unknowns

q.., i ,j  = l,...,n (Q — (q.j )~~). In tensor form (3.6) is given as

(3.9) (ElI — I I Z ) Q  = U

if we adopt the notation of the previous section. It is well known that (3.9) is

solvable if and only if U is orthogonal to any solution of the ad jo in t  system. That

is

(3.10) 0 = w . ,u . - tr (W
TU ) ,  W = (w . )

fl
, U = Cu.

i,j=l 1] 1) 1) 1 1) 1

(3.11) (ElI — r.Z)TcJ = (ZTSI - ISzT )~J = 0

Now (3.11) means that

T T
(3.12) Z W — WZ = 0

Thus wT commutes with  Z and (3.10) is equivalent to (3.7). End of proof.

Let V
1
... .,V~ forts a basis for the subspace of all matrices in M ( ~~) which

comm ute with Z. Thus any P which satisfies (3.4) is of the form

It
(3. 13) P = v,V .

- 1 11=1

According to Lemma 3.1 (3.5) is solvable for some Q if and only if

(3.14) tr (V , (XP — PY)) = 0, j — 1,.. .,k *

The equations (3.13) — ( 3 . 1 4)  determine the subspace P of all matrices P which

solve (3.4) — ( 3 . 5 ) .  It ~~o l e f t  to f i n d  whether  P contains a non—singular matrix

- - In pri.;ciplc this can be done by verifying a finite number of conditions.

Indeed let

(3.15) F(v
1 

vk
) = I ~ 

v .V . I = a~~~, c (p p) , =

I~~ i I~~~ 
=n

Thuc, I’ does not contain a non—singular matrix if and only if F is zero identically.

I -;

— 1 0 —  ‘

I

______ — -a- - _ - ~~~ — — .. ~~~~~~~~~~~~~~~~ ~—s- ~~~~~~~~~~~~~~~~~~~~~~~~~ 
)
~lJ
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it  I it .i at an,ta t ci fact that a polynomial F • c t  l.”i t o , .  mc i s  ~~
,,i ‘ ‘ I ,Ie ’nt i call y m ti c !

tin ly  i t E van i she’s at the t eSt  j ’ot H is

(1 .16) V
1 

— 0, 1 n , — I It *

Morestyst the nup~~er c i t  t .vst p oin t s  call be tt’utus ’,c,l Icy ovite,vt nec t hat

1 .1 1)  F ( t v
1
, . .  • i t V

k
) — t~ t” (v

1 
V

It
)

N.~ t we obie.•iv,, that

I . I H) X Y (Z) i f  .,nut ‘c i i )  y i t  ‘l’XT I -s ‘rv’r (Ti’~T I

SIflc C’ We • i c t ’  W e l t k c i O l  , cv,’ i N (f) we’ ma y slcc c~ Une t lt ,mt cc l i t  t ic,’ ,), ci siSit , - , i i t ,c i c t , , i l  toilcc
it

(4 .1’)) • cttaq(,t
1
,...,,I ~ — ‘It

1)t • I , c i m  ,i — “It ’ It —

llø,c I ‘c the’ t dent tty mat i-tx Snet c l~st  mat I i x  whets,’ I c , c i t -  ?, ‘t cc  IS )emt’nt ii ~~t i ’  on I hi .

upper dia ’ional . l i t  t h a t  case th.  subapac,’ of .~ I 1 cecctVflt%t ( i t t i  Scat I I  c~ISc* I’ w t ic is

we l l  known C,’ . . ( 1  , cit . it • ~;,‘~~
- . 1) )  .

I,e’ngsa L .’. l o t  f N (a’) be’ a m~ t i - t x ‘il ven )~y C l .)’)). The’n a l’tc c ck mit t lx
0 d -

P — (I’ - 
) U e N (a ’) conmiutex w i t h  i~ I t  site! i’~ l y If l Ice blocki’

cii ’ I mc —— —— - — — — -—-—-——————-—— -—

ial~ ‘I t
— p i — I ~~~ — I it

14 
c u j i t t , c f ~ ’ t hi’ t t l w j ~! 

, e’t c , l l l  b i t ”

~~~..‘c I )  c f  \ — \ - •. tl

‘‘1’

• 
(4 .,’ 1) ~ l

~c 
— 

(ait ) 
— * 4 0 (4 

5 mciii ( i t , ic ,~ ) .

(all ) 
— 

~
, ( I I )  t O t  I ‘ I • U , — l i c l i t  ti c . ii

~~
)

lii I ,mc ~ t C r n
1
, * . . , i1~ at-c the st*’c~t~~e’~ ot  t he’ nt’ii—,’t’tltlt ant I icvac tau t ~~~ ty n c sm t a I - .

( I I ( ) ot Z t hen the numb,’r of I i i ’ , ’  p.1 t ame ) ic c- ce ( m c  1’ I -c

C 4.2 1) N — : ~.‘i — I )n
1 

.

A;’~ctytnq tatmiicaie 4 .1 and ( . 2  we obta in

Ascmicmp t h a t ‘.‘- ti c of t im torn’ ( 4 . ) ’ ) ) ,  ‘t’It oii I’ •i, c I v c . s  ~~I , 4 )  i i i , )  4 l , ’~)

t f t%tcct on~ y l t  fo~- ai~~~j~~ c ~~~~~~~~~ ~~~ ~ ~~~~~~~~~~~~~ ~ — ,1It ,~ any 
~ , cc ; c c l  thi ’ S

form ( 1 . .‘ I )  t ici c following .‘s~~a~~~ yjaoIda

t

_ _



-

0 - tr{v~~ [j~ 1 
~~~ - P

~j
Yja)]}

(3.23)

- )u~~~ y ) Ux ~x1~ ~ ~ ~ 1

provided that P is of the form (3.20) - (3.21). Noting that V
i 

- 1t’ - 
-

- ~ ‘ci 
we deduce

Theorem 3.1. Assume that Z is of the form - -

(3 .24) Z — diag{Z ....,z1 v

such that

) . lr c) (II I . — Z
1
)’t — 0, I

~
c
~ 

~ 0k’ i It , j,k — 1 v

Then X is conjugate to Y with respect to Z if and only if

(3.26) Y ,1 (Z
1
), I — 1,. . . , v, X — (X~~1

)~~. V —

Thus in Problem 3.1 we may assume that z is a nilpotent matrix. In case that Z is

similar to a diagonal matrix then Problem 3.1 has a simple solution .

Corollary 3.1. Let the assumptions of Theorem 3.1 hold. Assume furthermore that Z

is similar to a diagonal matrix. Then X - Y(z) if and only if X
11 

is similar to

y . - for i — l,...,v.
i i  —

Theorem 3.2. Assume that 8 consists of one Jordan block

(3.27) 8 H, H (h
11)?, 

h
11 

— 6 ( i + f lj ’’’1 — ~~ .., n *

X — (x~1
)~ is similar to Y — (~ 1~ ) ’~ with respect to z if and only if

n— i  n—i
(3.28 ) 

k—i 
X ( i + k) k  

= 

k—i 
Y (i+k)k 

i — 0,.. .,n — 1

Proof. It is a well known fact that any P which commutes with 8 given by (3.27)

is a polynomial in H

(3.29) p — ~ a
1
H
t

The assumption that P is a nonsingular is equivalent to the fact that a
0 ~ 

0. So we’

may assume that a
0 

— 1. Then the condition (3.14) states

-12-

____ _______ 

______________________________ 

______________________________________ 
~~~~~~~~~~~~~~~~~ 

-
-s —~~ 

~~~~~~~ ~~~~~~~~~ ~L~~~~~~~cc.=, ~~~~~ ,‘~~~
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I

(3 .30) 0 —  tr(H~XP-H~PY) tr(XPHJ _ YH iP)_ tr [(X_Y)1 
~ a~H

1
~~

J], 
j-n-1,...,o

For j — n - 1 (3.30 ) ii equivalent to

* 
(3.31) trl(X — Y)H~~ — 0

Assume that we already proved (3.31) for j — n - i,...,k. By letting j in (3.30) be

It - 1 we deduce that X and Y satisfy (3.31 ) for It - 1. So (3.31) holds for

j — n — 1,...,0. This is exactly the conditions (3.28). Conversely if (3.28) hold

then (3.30) is fulfilled when P — I. So X Y (Z). The proof of the theorem is

completed.

—1 3—

c i  

_ _ _ _ _ _ _ _ _ _  
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4. THE t~ENERA L PROHLfl4.

The conditions (1.13) can be stated in tencuce of matrix equalittee

(4.1) A 1~~ 
- RItA , — 

i-I 
~~~~~~ -

for It — 0,1 w, where! we assumed the’ normalization A
0 ~~ 

A sequence

CR
0 

R~) is called a solution it R
0,....R 1 

satisfy (4.1) for It — 0,1 j.

Denote by the subspace of all solutions (K0.... .it~) and by 
1. 1 

the ’  subicpace

of the first i matrices (R
0
,...,R

1
) i,c the solutions K )  where ci I 1.

Clearly

(4.2) ‘ hi ‘ j4l ,i

According to Lemmas 3.1 
~~~ 

tic the subspae e4 of all solutions (l4~ ~) such tha t

(4.3) tr(V 
t~ l 

(R
1 1 1

fl — A
1
R

1~ 1 ~) 1 — I ) , VA0 
— A

0
V

for all V which commute with A 0. Thus if we’ constructed (4. I)  determlne’s

Now by solving (4.1) for It — + 1 where (R0.....
R~ I ~ we obtain

the aubailace ~~~~ Thus if A Ct ) 8(r) then A t e )  ~ 8( r ) if icnel only if

contains a non-singular matrix (v-is given in Theorem 2.1).

Theorem 4.1. Assume that A (r) and R i m )  are ana lytical ly similar at t hi’ c m .  
*

Consider the system (4.1) for It - 0,...,). Then

(4.4) dim L , ,

for any j 0. Moreover the equality sign )~~~~s i _f I ( i t  not less v (given in

Theorem 2.2.~~

To prove this theorem we need the following lenses .

Lemma 4.1. Let A (c) be comjtlex valued matrix analytic in c at the or i gin. Cou ,stde r

al l  cou~1ex valued matrices X( t) 
k—0 

X
k

t analytic in at the orij~n anei scttiQry-

ing the equation (1.7). Then the net of alt j~ ssib1P X
0 

(ens a s ü s ~~~e (I

dimension e . 
S 

-

- 14—

~~~~~~~ 

-5~~~~~~
_.~~~ 

_~~~~~~~~~~1~~~~~~~~~~~~~ 5- - —  -5-- - - -  s_ s
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-~~

- Fim e t we c laim
- 

dim It • 

S

Indeed let X UI (I) . X t ” ’
~~~ft )  be ~ + 1 anal yt ce - solutions of (1. 7). Let Ct. )

• b. n • m’ + I) matrix whose cole urt. ar . the vectors (r) ,. . . , X~ ’ ’~ (i ). Dy the

definition of • , X~~
11 (s ) 

~~
“- 1

~ C e )  are linearly dependent. So rK (’ )) — the’ rank

cc) U ( e l  - sat tsft e s r(Gtc )) c’- . In P~rticUlar r(G(0)) < K  which proves the auertton.

Next we’ show the exuetence of e analytic solutions X~
1
~~() ,...,X~

’’ (~ ) of (1.7)

which au-c linearly iccelependent for ct .- ,
~~~~

. We follow the notat ion in th. proof of S

Theorem 2.1. So all (r% • ~) S (fl + fl (i4 — n2 — K )  minors of A(.~) (..€) vanish

identically and there exist ii ~ fl minor Pit ) of the tons (2. 7).

Let K be the coeqcleu.entary set of K in N ~ •V . For a I K ’ define

y (~~~ 
~ — (~~(~ ) 

“ to be the fol lowing unique solution of (1.7)

(4.~~) y
(~ ) i t )  - if (i , ~) — a , Ci) 0 if a — ( I , j) t K’

Fro* the proof of Theorem 1.1 it fe’llowce tt,~ t ~, (ei ) 
( s  1 are’ ana1ytt~’. Clearly

are lin early independent to, ~ i j (I . Let Iii. ) be’ an ii ’ K

ma t m c x  whecs,’ c - C’ l emuics i n ’  vectors ~u 4 , . * . , x ~~‘ (, ) which are analyt ic solutions of

(1. ‘I . Asquine that r(H(’ I) — e . If t ~l ( 0 )  ) — e- we finished the Icroof. Ascutine’ that

- ~~ . So there exist s K c. minor of Hi,) of the form

(4.6) k ’ (’ ) I  — a ’ , 5 ( l  + ,OCI )), a’ ~ 0, s

As x ’1
~~(o) x t”” (o) are linearly dependent wet have

(4.7) ~ ( 0 )  — 0
i— l

)-~oi - sim~’1~ city of notation we may assume that a — 1. (‘onshler a new icet

* ~~~~~~~~ of linearly independent analytic solutions of (1.7).

K

(4 . c l )  6 )  — i i ) ,  I — 1 ,. . . , K — ~~, — ~ 
i~~l 

a1
x
U’
~ ( , 4  * 

S

Let H(.) he the matrix ceiunposeet of , . ,X t ’
~~. Again  if c (!I(0))  — e- we are

,k’ne. c ’t )c,’iw c ’oc , c c i t n  i ,h ’i b itci the’ cect-re’cepond(nq miucot Q(i 1 which consists of the same’

-Is- 

S

_ _ _ _  _ _ _  -~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~
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c

rows and columns as Q (c) , we easily deduce tha t S

(4.9) I~
(
~

) - a .  s’-l~~ + r 0 ( 1) )  .

Continuing in the same manner we shall finally deduce the lemma .

Proo f of Theorem 4.1 . Let XC. - ) be an analytic solution of (1.7). Denote

(4.10) R(t) — X(u )T
1
K)

where T (t) satisfies (1.4). Thus

(4.11) A ( . )R( .  ) — R (r)B(c ) — 0

We also have

( 4 . 1 2 )  R0 
- X

0T0
1 

.

As RI.) — 

~ 

~~~k (4.1) is satisfied for It — 0,1.2 From Lemma 4.1 we deduce 

c
the’ inequality (4.4). To finish the proof of the theorem we have to verify the equality

(4.13) dim L 0 
— K

Assume that RU) - 
k—O 

~~~~ satisfy (1.11). Here we do not demand that ~R0~ ~ 
0.

Moreover assume that w — V . Define X(r) by the equation (4.10). From (1.11) and

(1.4) we get

— A ( t ) X ( . )  — x ( c ) A ( r )  —

Repeating the arguments of the proof of Theorem 2 . 1  we obtain the existence of the

unique analytic solution Y(e ) of (1.7) such that x~1
(c) — y

1~
(r) if (i ,j) K ’.

Moreover X (O) - Y(0). This manifests that dim LI -‘ dim L u~. Now Lemma 4.1

implies (4.13). The proof of theorem is completed.

Theorem 4 . 1  can be obviously applied to the case 8(r) — AC t ).

— Definition 4.1. Consider the system of matrix equations

(4.14) 
~~~~ 

- ~~A0 
- ~~~~~ - A j~~~ i

It - 0,1 , . . , , j .  Let be the subspace spanned by the maLt cc’es K !

solutions CR 0 ... ..R~ ) .  Def ine u i to be the fol lowing non~~n t cga t ive ’ i n t o~~~ i

(4. 15) 
~~ 1 ’ — 1 ~ ~~~ — 

. 
S

i

c where Li is given by lemma 4.1.

-It’-

__________________ 

1 -i-5- —~~~ 

-

~~~ 
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Theorem 4.1 implies

(4.lc) ii ’ ‘ V

We conjecture

Conjecture. Let u be the minimal index at the origin (Definition 2 .1). Let u ’ be

~ wn as above. Then *

(4. 11) U — ii ’

In case that u ’ - 0 we have that K — uc(O) and the conjecture follows from

N~~ow’s result. Suppose that U ’ - 1. Thus A (c) .*tisf tea th. conditions of Theorem

4.2 (see Introduction). It is easy to show that A (c) given in (1.5) fulfills the

conditions of Theorem 4.2. Therefore the example (1.5) manifest. that ii ‘ 0. Thus,

indeed. Theorem 4,2 esta1-~lishes the equality (4.17) in case that u ’ - 1. To prove

Theorem 4..’ we need an auxiliary lenses.

Lemma 4.2. Let X and Y be IS x IS matrices. Msiane that r(X) - It. Consider the

of all  vectors x of the form

(4.15’ Xx — 0, t
TYx — 0, ~

Tx — 0

f,cr all possible ~. . Assume that

(4 .  l4~ dicic — m — It ’ ( m — It)

* t’) cctc .jU It ’ ~ It’ minors of II + Y are of th. tons ~~ -It0111 Moreover thei,

exists ac, It’ “ It ’ mino r ~c! ( r )  of X + t Y  such that

— br1’ —It 11 + i O U ) ) ,  b 0

i’ic”~’t .  FicOIS ) etimcit .‘.l it t,cUows thitt any It’ ‘ It ’ m inor of X + V ~s of the form

It —Ic ! 1 - Suppose th.at (4. .‘c! 1 ,j~c~~~; not h~ lcj. Thus all  It ’ “ It’ minors of K I

.i~ u ’ ci ~~~~ f u  u-
k’ +l c~~~n . Let ~~ ice ~~~ nonsingulat- matrices. A~cplytn g the

Cauchy— 8(he t  formula  we’ deduce tha t .ill It ’ ‘c It ’ mino rs cc! + S ,~ VS , at -c of

the’ ,c ~~ .-
It — K $ 

0 ( % )  . We est sht C ~;h the. I .‘cema Icy ~ht iwtnq that  the above c’ecncl union

I ,c t 1 ,-~ tot itccnte’ ,)cc’ I ,-.‘ of n~ct,cc i miii)  .-uc- ,*nci * Let

( 4 . 2 ) 1  — ‘ l~
” .’’ ~ 

—

—I ’ —

S 
- -  — 

-~~ _ _~~~~. _ _ _ - _ . ..~~~~ ; .s~~4~~~_ ~~~~~~~~~~~~ .. ~~~~~~~~ ~
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F

We can choose S
1 

and S
2 

such tha t -;

1 0  V Y 1 0
(4.22) x — 

It ,
~
, — 

11 12 
• 

,
~
, — 

£
0 0  1 

~~~~~~~~~~ 
22 

0 0

Here K
1 

and V
1 

are partitioned in the same manner and I . is the j ~ j identity

matrix. Clearly (4.18) — (4.19) holds if we replace X and V by K
1 

and Y
1. How—

ever in that case we i edia tely  deduce t h a t  itt - k’ — in - It - £. Consider It’ x It’

.inor Q(r) of X 1 + tY
1 based on the first It’ rows and columns. Applying the

Laplace expansion to the last £ rows of Q(c) we deduce straightforward (4.20) with

b — 1. This establishes the leema.

Proof of Theorem 4.2. Consider the expansion ACt ) given by (2.30). Let

(4.2 3) X — A
0

SI — 1 A
0
, V — A

1•I 
— ISA

1

So r(X) - n2 - r(0) and dim — K . Thus according to Lemma 4.2 the conditions of

Theorem 2.3 are satisfied so u < 1. This in return is equivalent to (3.2) - (3.3).

That is A
1 

5
1
(A
0
).

We conclude this section with a different formulation of the system (4.1). Let

be ii ~ n matrices. Define C(A0.. ...A~_1
) to be ni x nj matrix

which is block t~ per triangular

(4.24) C(A
0
,. . ..A~~1

) - ( C )~~. C - 0 for q < P. C~~ - Aq_p for q 
~
‘

Definition 4.2. Let ~~~~~~~~~~~~~~~~~~ be given n cc n matrices. The matrices

C(A0.....A~~1
) and C(B

0
,...,8~~1

) are called strongly similar if there exist n x n

matrices R0.....
R~.1 satisfyi ng

(4.25) C (A
0
.....A~_ 1 )C (R0

.....R~_ 1 ) C( R
0
,...,R . 1 ) C C R

0,....
R

1
) . where 0

As

(4.26 ) IC(R0 R1 1 )I — R
01 ’

the ass~~~tion that 1R01 ~ 0 implies in particular that C ( A
0 

A~~1
) is similar

to C(80.....
8~~1

). Now the system (4.1) for It — 0,.. .,i — I is equivalent to one

matrix equation (4.25).

— 1K—

I

C
I

—--- -

~
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Theorem 4.3. Let A l ’ 1 and 8~~i t~c ii “ n matRices anatytte-’ in ‘ at th~~~~~~~~~n .

Then il.lO 1 — il.1l) are satisfied it ,and onl ’ i f  ( ‘ ( A , . .  . , A )  and C(8,~.. . .,8 )  are

strongly simi lar. In particular if A lt ) ~ 8Cc -)  then C ( A
0

, . . . , A )  and C(8
~ 

R I

are similar for any ~ 0.

It is left to show that the notion ~-if strong similarity is indeed ati-onger than

the similarity notion. Choos.

— [0 11 A 1 
- 

11 
a

1,) 8
1 L11 

d’
l2]

0 0 
~
“:i ~22 

c,1 ~~~~~

According to Theorem 3..~ C(A
0
,A

1
) is strongly similar t o  C A , , 8

1’ if and only If

(4.28 
~ll + “:: — ‘Il 

+ ~~~ — ‘ ‘1

.-kc the other hand if 0 theci C C A ~~,A 1
I has on1y one linearly ic,de.pe’iestent eio,n—

vector. Thus if a~ 1 0 CCA 0.A1
1 is similar to

0 1 0 0 )
0 1 0

~! C 0 1

0 0 0 0

Therefore if a 21 C 0 and c~~ e 0 C (A~,A 1~ 
and C(&~.8~) ate ’

- lQ- 

-~~--~~

- - - - - 
~~~~~~~~~~~~~~~
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‘c . cBSEKVATIONS ANt) REMARKS.

We observe that the general problem stated in terms of the equations (4.1) iccI

It - 0.1 ~ is in fact of the same degree of complexity as Problem 1.1 C i . . ’ - - 1 ) .

More Cr ~~ Isc lY we have

Theorem 5.1. Let Z be kn ~ kn a block diagonal matrix of the form

(5.1) — diaqiM HI . H — 16
(i+1)j 1

1

let  X and V be kn cc kn block matrices

X (X 1
k x - (~~~‘4~~~ y - (y )k y - (y~~~~)fl

pg 1 pq 1) 1 pq 1 pg i~~ 1 i -

D et i n ’?

A — ~~~~~~~~ ~ — (b~
’1 )~r pq 1 r pg 1

r+l ri- i(r) ~ (pq) (r) 
~ 

(1q) 0a L X (n_r+i_l)i~ 
b — 

~ 
Y ( + i l)i’ r — •....n — I

Then X is conjugated to Y with respect to Z if and only if C (A
0
.. ...A 1

) is

strongly similar to C(8
0
,. ..,B

l
).

To prove the theorem we need the following lemma.

Lentcca 5.1. Let X be an kn cc kn block matrix given by (5.2). Assume furthermore

that each X
pg matrix is an upper triangular matrix. Then

(5.4) X~ — 11 j(x~~~~)
k

r—l 
rr p,q~ l

Proof. Expand X by the rows n,2n....,kn. Obviously the only It cc It non-vanishing

minor which consists of n,2n kn rows is the minor composed of the columns

n,2n kn of X. This minor is equal t (x~~’~
)
~I. Now the lecieca follows by

induct ion.

Proof of Theorein 5.1. According to Lemma 3.2 if P commutes with Z then P has

the following form

n-I -

(“ .5) P (p )k . — ~ rW ti~, R . — (r U))k, i — 0,. ..,n — I .
pg 1 pg pq i. pg 1

— :o—

___________ 

—~ .. 
.-~~~ -
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Here are arbitrary It It matrices. According to Lemicca 5.1

* ~~~~ p —

The subapace o~ all commuting matrices with Z is spanned by k
2
rc linearly independent

matrices

(5~7) ~~~~ - (V ~~~~~)~~, ~~~
q’~ — 6ccp68qH

1
~ ~ .8,p.q - l,....k, i - 0 n - 1 .

According to Lemma 3.1 P satisfies (3.5) for some Q if and only if

- 

- (5 .8 )  t r ( V
p gj

(XP — PY)) — 0, p ,q l.....k, i — 0,...,n — 1 . 

*

Now 

It -

tr(V (Xl’ — PY)) — tn lx P — V P
L j — l  

qj  ~~~ ~~ qj .~

(5.9)

— 
~ 

(r~~~~tr~x H
m4i) — ~(~ i)~~~(y Hm~~)]

m-O m qj in J p C

Note that (5.3) is equivalent to

~5.l0) ~~~ — tr(X Hn r l ), ~~~ — tr(Y Hf l r l l .
pg pg pg pg

Thus (5.8) for p,q — 1,. ..,k reduces to

n—i— I
(5.11) ~ (A - R — R B - ) — 0. i — 0 n — 1

S n-m—i-l in in n-m—i-l
m—0

- 

I 

That is we have the equalities (4.1) for w - n - 1. The assumption that P is non-

singular  together with (5 .6)  yields that R
0 

is non—singular. So C(A
Ø 

A
n 1

) is

strongly similar to C(B
0
..... B~_ 1). The proof of the theorem is concluded.

So if Z is of the form diag {H.H} then Problem 3.1 is reducible to the ¶

equalities (4.1) with w n - l  where all matrices are 2 2. This in principle should

not be d i f f i cu l t .

We conclude our paper with the following remarks about pointwise similarity of

A (c) and 8(c) in 0
r 

for a small r. cbviously if A (c) 8(c) then they must

have the sauce characteristic polynomial

(5.12) \
fl 

+ 

~~ 

a~ (r)X ~~~ 0 . I ~
—21 —
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Noreover there ,‘xLSts t ‘ ‘ C such that tot C r ’ the invariant 1s)lyn~*cIa1s

of A l t ) and 8 (t) al- cc’ also ana ly t i c  functions in * T h e r ef o r e  the elementary

divisors ,‘ (1 , ) t 1, ) .t.id ~ (1 , ~ (1 . * C of A ~t ) atid B (t ) respec—1 1’ 1 q

t i vely are analytic Rn t~ r C ‘ r” . This in particular means that in this

region the’ *$egt.’.’s of the elementary divisors are conStant - So If A(t) and BC ’)

have the same chaLacteristic polynomial (5.12) and are s i m i l a r  at C Ic~I ~- 
t -” they

must be pointwise ’  s imilar  for 0 ‘ t e l  r ”t So it A (0) 8(01 we have that

Alt) ‘
~ 8 ( e ) .  t- C 0I r

— 

~~~~~ T — 

-
~~~~~~~~~~~~~~~

-—-- - -—- -
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